A. GEOMETRY The Leech lattice n can be defined (see [2] ) as the (unique!) 24-dimensional even unimodular lattice with no vectors of norm 2. More explicitly, following [ 11, we take .JI to be the lattice spanned by the vectors (2', 016) whose support is an octad of the Steiner system 9' (5, 8, 24) , together with all permutations of ( +4*, O**) and ( -3, lz3 ). The inner product of (X 1, . . . . x2J and (Y,, . . . . y,,) is defined to be 4 x2, xiyi. A great deal of info~ation about the geometry of the Leech lattice can be found in Conway's original paper Cl]. In particular it contains the following fundamental result: Nore. In the Type column we list the types of the three non-zero vectors in the 2-space. An asterisk means that it is impossible to choose representative vectors in A adding to 0. We denote these 15 kinds of 2-spaces by the letters (a) to (0) so that we can refer to them later. THEOREM A 1. The group Co, has just three orbits on non-zero vectors in A/2/1, as given in Table I. The 2-dimensional subspaces of A/2/1 are easy to deduce from the results of [l] , and are listed in [3] and [ll] .
THEOREM A2. The group Co, has just 15 orbits on 2-dimensional subspaces of A/24, as in Table II. Each of the groups Co, and Co, can be defined as the stabilizer in 2 'Co, of a suitable vector v (of type 2 or 3, respectively) in A. Each group therefore has a 23-dimensional rational representation on (v ) I, which happens to be irreducible. There are essentially two distinct invariant lattices in this representation, and two corresponding ways of reducing modulo 2. These lattices are L n (v)l, and the projection of A onto (v)'. It is the latter that we shall use, and denote by A, and A,, respectively. In this case the Before we sketch a proof of this theorem we state three corollaries, as it is easier to prove the theorem and corollaries together rather than separately.
Each of the groups McL and HS can be defined as the centralizer of a suitable 2-dimensional sublattice of A. In Conway's notation Cl], the centralizers are '223 and '233, and the corresponding normalizers are *223 and *233. We will use the more usual notation:
McL: 2 = *223 HS = '233, HS:2=*233 but we postpone until Section D the proof that these lattice stabilizers are actually isomorphic to the ~~utation groups defined by J. McLaughlin [7] , G. Higman [6] Table II ). These are ordered so that the (n + l)th, (n + 2)th, and (n + 4)th vectors form the nth 2-dimensional subspace (labels read modulo 7). Note. Type gives the types of the four vectors in the Riven 3-space outside the fixed 2-space (of type 223). They are ordered so that the sum of the first two is the vector of type 3 in the fixed 2-space.
In exactly the same way, the centralizer in Co, of a 2-dimensional subspace of A/2/1 of type 222 is a group '222 which we will prove in Section D is isomorphic to U,(2).
COROLLARY A3"'. The group U,(2): S3 has just nine orbits on non-zero vectors in A,,,/2/1,,,, as in Table VII, To conclude this chapter then, we will sketch a proof of Theorem A3 and Corollaries A3', A3", and A3'".
In the cases where the type symbol of the 3-space contains a 4, the stabilizer is contained in the monomial subgroup 2" : MZ4 of Co,, and the problem is more or less equivalent to that of linding the orbits of this subgroup on the 2-spaces of types 222, 223, and 233. This is a straightforward (if rather long) calculation. Now we can easily show by counting that we have all the 3-spaces in A/2A, so the problem is to prove that Co, is transitive on 3-spaces of each of the remaining types (that is, numbers 4, 5, 9, 14, 17, 33, 34, 35, and 36 in Table IV ). Our main tool is what Conway calls the "incompatible orbit trick." We illustrate this with an example, number 9.
Using the fact that Co, is transitive on 2-spaces of type 223, we can fix any such 2-space, and look for the 275 type 3 vectors with inner product f3 with each of the type 2 vectors and orthogonal to the type 3 vector. Taking first the 2-space of type 223 to be spanned by the vectors (42, 022) a This may split into two cases--see Remark after Theorem A3. Note. Type gives the types of the four vectors in the given 3-space outside the fixed 2-space (of type 233). They are ordered so that the sum of the first two is the vector of type 2 in the fixed 2-space. (-3, -3, -3, P'), Number = 22
Since there is no way that the 275 vectors can fall into orbits compatible with both of these splittings, it follows that Co1 is transitive on the 3-spaces of type 9.
B. SOME REPRESENTATION THEORY
This section consists of a number of easy results which however do not appear to be well known. As I have been unable to trace them in any text-book I feel it is worthwhile to give complete statements and proofs.
The first result says essentially that if you take an ordinary representation of a group, and reduce it modulo p, then the dimensions of all the submodules are preserved, as is the inclusion relation. (Note however that intersections and sums are not in general preserved.) PROPOSITION Bl. Let G be a finite group, and R a principal ideal domain with field of fractions F. Let V be an FG-module which is finite-dimensional over F. Let A be any RG-submodule of V with the property that As an R-module, .4 is torsion-free and hence free, so has a basis Iv 1, **a, un] say. Now given an F-basis (wl, . . . . w, > of W we can write wi = x7= 1 ctijvj with bii IZ F. Then by multiplying up by the denominators of the aii we can assume WOE A.
But Wn A is also a torsion-free (and hence free) R-module, and it contains the elements {w,, . . . . w,} which are linearly independent over F, so also over R, so rank,( Wn A) 3 dimA W).
On the other hand, so we have equality. It follows at once that
is a free R-module of the same dimension, as required.
Remark. It is really the fact that W n 1. A = 1. ( Wn .4) that supplies the power in this proof.
We now want to apply this result in a very special case: we take R = H, F= Q, I= 2H, and W a l-dimensional FG-submodule of K For the sake of clarity, we restate this special case. What it says essentially is that if a group fixes a non-zero vector before reduction modulo 2 then it still fixes a non-zero vector afterwards. The way we apply this result is to take G to be the (simple) group whose maximal subgroups we want to find, and take H to be a subgroup isomorphic to some other (usually simple) group. We take A to be a suitable sublattice of the Leech lattice. Suppose we can prove (by character restriction) that H must fix a vector in V. Then Corollary B3 tells us that H fixes a vector in A/2A, so all we have to do is classify these vectors into orbits under G, and determine their stabilizers (and whether these are maximal subgroups!). groups has a normal Sylow 2-complement (i.e., it has the shape C ef>, where C is a group of odd order, and D is a 2-group). Now with the aid of the ATLAS [3] it is a simple matter to check that any restriction of the 23-dimensional character of Co, to one of these simple groups, or to an extension by any odd order automorphism group, must contain a copy of the trivial character. The result now follows from Lemma Cl, Corollary A2' and Corollary B3. (In the last two cases, laa represents the sum of the two non-trivial l-dimensional characters.) Now rc0,(2B, 3B, 9B) = 0 and &-,,(2B, 3A, 7A) = 6, so any such subgroup L,(8) has non-trivial centralizer, and its normalizer is in a local subgroup.
In the final case, we see that any U,(5) must actually fix a 2-space in A3, which corresonds to a 3-space of type 14 in the list in Table IV . The full stabilizer of this 3-space in Co, is U,(5) : S3, which has two orbits on the four vectors of type 3 in this 3-space. Hence there are two conjuacy classes of subgroups U,(5) in Co,, with normalizers U,(5): S, and U,(5): 2, respectively. The former group is maximal, while the latter is contained in both McL: 2 and HS.
Remark. A rather more complicated proof of this Theorem, along the same general lines, was given in [9] . Now consider the vector stabilizers with reference numbers 12, 16, and 18 (see Table IV ). In the three cases we take McL to be the stabilizer of the pair of vectors in case 26 (8, 023) in case 33, and hence fixes the vector in A233/2A233 corresponding to the 3-space generated by the vectors: These are of type 6, 14, and 6, respectively, in the list in Table IV , so the vector stabilizers are contained in Mzz or U,(5):2, or the corresponding normalizers in HS : 2. Finally, in case 19, although it is easy to see that the L, (7) is contained in MZ2 and U, (5) , it is more difficult to show that the L,(7):2 is not maximal in HS, so we use an alternative argument. Since the 2B-elements have no square roots in HS, any L,(7) has type (2A, 3A, 7A). Now rHS(2A, 3A, 7A) = 5, which is fully accounted for by the three classes of & (7):2 in L,(4):2, and the L,(7) in M2, fixing none of the 22 points.
D. COMBINATORICS
In this section we relate the geometry of the Leech lattice to various graphs and other combinatorial objects associated with the groups U,(2), McL, and HS. In particular, we shall prove the well-known isomorphisms:
'233 z HS '223 z McL '222 z U, (2) (Several proofs of these isomorphisms exist. For example, it is easy to find the orders of the lattice stabilizers and to prove that they are simple, so the isomorphisms follow from the classification of finite simple groups. Here we give direct proofs and explicit isomorphisms.)
The Higman-Sims Group I: The Higman-Sims Graph
We take HS to be the centralizer of the vectors (5, 1, l**) and (1, 5, l**), so that a subgroup M2* of symmetries is visible, permuting the last 22 coordinates. The vertices of the graph correspond to the 100 minimal vectors of A which have inner product 3 with each of these two vectors. They fall into the following three orbits under M,,: Thus the vertices of the graph correspond to one fixed point, the 22 points permuted by M2*, and the 77 hexads of the Golay code on these 22 points. Two hexads are joined in the graph if and only if they are disjoint as sets. Hence our definition is equivalent to the definition given by D.G. Higman and C. C. Sims in [S] . Furthermore, the set of 100 vectors is clearly fixed by '233, so by order considerations we have '233 z HS. Each of these vectors extends the fixed 2-space of HS to a 3-space of type 6 in the list in Table IV. The Higman-Sims Group II: G. Higman's Geometry
We take HS to be the centralizer of the vectors (2*, Oi6) and ( 18, $1") so that a group A8 of symmetries is visible. This then gives us the closest possible correspondence with Higman's original definition of his geometry. We may define the points and quadrics of the geometry to be those 3-spaces in A/2A which are of type 14 in the list in Table IV, and McLaughlin's definition of his graph in [7] is equivalent to the following. Given a group U,(3), let 9' be the set of 112 conjugates of a subgroup 34: A,, and let 9 be the set of 162 conjugates of a subgroup L, (4) Now in the Leech lattice we cannot easily see a subgroup U,(3), but we can see a subgroup M,, z L,(4), so we complicate the definition by using only the symmetries of L, (4) . Under L,(4), 9' breaks up into two orbits of size 56, and .Y splits into three orbits, of sizes 1, 56, and 105. It is not difficult to see that the collapsed graph is as in Fig. 1 , and that the graph may be defined as follows. Take as vertices two fixed points * and @, the 168 subgroups &, which fall into three orbits &,, &, and dS, and the set ~8 of 105 Bore1 subgroups of shape 2 2 +4. 3 Then the edges are as given in . . Table VIII .
Incidentally, it is now clear that there is a symmetry of the graph that interchanges * with @, and d2 with d3. Hence'the automorphism group of the graph is transitive on the vertices. This is (I believe!) the essence of McLaughlin's original proof of the existence of his group.
We now give another definition of the graph, in terms of the Leech lattice.
We take McL to be the centralizer of the vectors (42, 022) and ( 12, -3, 12' ) so that a group L,(4): 2 is visible as a group of coordinate permutations. The vertices of McLaughlin's graph correspond to the 275 type 3 vectors which have inner product 3 with both of these vectors. These 275 vectors fall into 6 orbits under L,(4), as in Table IX . We now define the graph by joining two vertices if the corresponding vectors have inner product 3. It is now clear that one can show, with a finite amount of computation in L, (4) , that these two definitions of the graph are equivalent! In terms of MT2, the vertex set of the graph can be defined as {*}uLouAt'u~, where 0 is the set of octads.
SF is the set of hexads with a distinguished point.
.9 is the set of "left" heptads with a distinguished point.
The edges are rather harder to describe directly in this way.
In terms of the Leech lattice, the points are the 3-spaces of type 2222334 (that is, type 6 in Table IV) The graph can now be defined by joining two vertices if the corresponding type 2 vectors are orthogonal. This graph is shown in Fig. 2 .
The Unitary Group I: Permuting 891 Points
The unitary group U,(2) permutes the set of 891 isotropic 3-spaces in a 6-dimensional unitary space over [F4. If we turn this set into a graph by joining a pair of isotropic 3-spaces if they intersect in a 2-space, then we obtain a graph of valence 42 whose automorphism group contains PTU,(2) g U,(2):S,. In fact, I claim that its automorphism group is exactly U,( 2) : S, .
Direct calculations show that the graph has the parameters shown in Fig. 3 . We will show first that the point stabilizer is 29:L,(4): S,. For the 42 neighbours of the fixed point fall naturally into 21 pairs, and there are various "lines" of 5 such pairs defined by taking a point in the orbit of size 336 and seeing which 5 pairs it is joined to. Thus these 21 pairs have the structure of a projective plane of order 4, which has automorphism group PfL,(4) z L,(4) :s,.
It follows that the action of the point stabilizer on the 42 neighbours is an extension of an elementary Abelian 2-group of order at most 221 by L,(4):S,. A few more calculations show that it is actually 29:L,(4):S,, and also that any automorphism fixing all of these 42 points actually fixes every point of the graph. Hence the point stabilizer is 29 : L,(4) : S3. But the automorphism group of the graph certainly contains U,(2), so by order considerations must be U,(2) :S,.
We now show how to obtain the same graph from the Leech lattice, and deduce the isomorphisms '222 z Ug( 2), t222 z U,(2) : s,.
In the Leech lattice fix the 2-dimensional sublattice spanned by the vectors (4, -4,O, O*') and (0,4, -4, O'i). Reducing modulo 2 we get a 2-space of type 222. Then there are just 891 type 4 vectors extending this to a 3-space of type 4222222 (i.e., type 1 in Table IV If we join these when their inner product is divisible by 4, then we get a graph with the same parameters as in Fig. 3 .
It is now merely a matter of calculation to construct an isomorphism between these two graphs. The easiest way to do this is to construct first an isomorphism between the point stabilizers 29: L,(4), and then to give the image of one point and one edge in each of the orbits under this subgroup.
The Unitary Group II: Permuting 1408 Points Since 6 'U,(3) has a &dimensional irreducible complex representation with character values in +[w], where CD* + w i-1 = 0, it follows by reducing modulo 2 that 3 'U,(3) is contained in SU,(2) z 3 'U, (2) , and indeed that U,(3) < U, (2) . It turns out that this is a maximal subgroup of index 1408. The combinatorial properties of this embedding are rather difficult to see in terms of the unitary geometry, but can be investigated quite easily via the Leech lattice.
Fixing a 2-space of type 222 in A/2/1, there are 3 x 1408 3-spaces of a certain type 2222233 (that is, type 9 in Table IV ) which contain the given 2-space. Since the sum of the two type 3 vectors is one of the original type 2 vectors, these 3-spaces fail into three orbits of size 1408 under the action of U, (2) . Taking the fixed 2-space to be generated by the vectors (4,4,0,0*') To determine the other parameters of the graph, we switch to a base in which the 2-point stabilizer 24: As is a permutation group. Take the 2-space to be generated by the vectors (4*, 022) and (2', P). Then the 2-point stabilizer is visible as the hexad stabilizer in the group MZ, permuting the last 22 coordinates. It has nine orbits on the vertices of the graph, as in Table XI . A few inner product calculations now show that the graph is as in Fig. 4 .
The Unitary Group on 20736 Points
There are 3 x 20736 3-spaces of type 2222334 (that is, type 6 in Table IV) containing a given 2-space of type 222. These fall into three orbits of size 20736 under the action of U, (2) . Taking the 2-space to be spanned by the vectors (4, -4,O") and (-3,1, I"), we look for the 20736 type 2 vectors which are orthogonal to the first and have inner product I with the second of these vectors. These fall into eight orbits under the permutation group M2,, as in Table XII . 
